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Abstract 

This study presents an approach to software reliability estimation by incorporating an Exponentiated Weibull Testing Effort Function 

into a Logistic Software Reliability Growth Model (SRGM) under the influence of uncertain factors. These uncertainty factors account 

for the variability and imprecision present in the software-testing environment, which often arise from assumptions and parameter 

estimations. The proposed model’s practical applicability is illustrated using a real-world software failure dataset. To evaluate its 

performance, comparisons are made with several well-established SRGMs using three standard evaluation criteria. The results indicate 

that the proposed model offers improved reliability estimation accuracy and outperforms selected existing models by obtaining the 

highest R2 value and the lowest MSE and SSE values. 

Keywords: Logistic model; Project management; Software reliability; Software reliability Growth Model (SRGM); Software testing; 

Testing effort; Exponentiated Weibull.

Nomenclature 

CTE Current Testing Effort Expenditure   

CTEE Cumulative Testing-Effort Expenditure   

EWTEF Exponentiated Weibull Testing Effort Function   

EW Exponentiated Weibull   

FRE Fault Removal Efficiency   

ID Imperfect Debugging   

LSRGM Logistic Software Reliability Growth Model   

LLTEF Log-Logistic Testing Effort Function   

MSE 

NHPP 

Mean Square Error 

Non-Homogeneous Poisson Process 

  

PD Perfect Debugging   

MVF Mean Value Function   

R2 Coefficient of multiple determination   

SRGM Software Reliability Growth Model   

SSE Sum of Squared Errors   

TE Testing effort   

TEF Testing effort Function   

 

 

List of symbols 
 

W(t) 
Cumulative testing-effort consumption at 

time t 

W∗(t) W (t)− W (0) 

𝑊𝐸𝑊(𝑡) 
Cumulative testing-effort consumption at 

time t for EWTEF 

w(t) Current testing effort expenditure 

𝑤𝐸𝑊(𝑡) Current testing effort expenditure EWTEF 

v Uncertainty of the testing environment 

µ, µ1 Certainty factor µ = 1 − 𝑣 

γ Total testing effort expenditure 

𝜎1, 𝜎2 Scale parameter 

𝜓, 𝜏 Shape parameters 

b(t) Time-dependent FDR function 
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1. Introduction 

Software Reliability Growth Models (SRGMs) are 

primarily designed to identify a suitable theoretical or 

statistical distribution for observed failure data. Their 

goal is to assess the attained level of software reliability 

and support decision-making regarding the optimal 

balance between the desired reliability level and the 

earliest feasible time for releasing the software into a 

competitive market [1]. Numerous researchers and 

practitioners have proposed many SRGMs that involve 

use of perfect and imperfect debugging concepts. 

Reliability, as a quality attribute, is inherently 

probabilistic, making it difficult to measure it precisely. 

Although new research directions are being explored to 

improve its assessment, reliability remains a challenging 

metric [2]. NHPP-based SRGM has been proposed by 

Iqbal et al [3], with imperfect debugging and Fault 

Detection Rate (FDR) influenced by a learning factor. An 

imperfect debugging-based SRGM has been proposed by 

Iqbal et al [4] where a Dynamic Total Fault Content 

function has been used as a function of system testing. 

The Fault Reduction Factor (FRF) plays a crucial role in 

reliability. A constant FRF with imperfect debugging is 

used by Khurshid et al [5] to propose a multi-release 

model incorporating a testing effort function and a change 

point. An NHPP-based unified framework designed for 

multi-release, two-stage fault detection and removal 

processes has been used by Saraf et al [6] to propose a 

new model considering change point and other 

environmental factors. Based on the time lag between 

fault detection and fault correction, Saraf et al [7] have 

developed an NHPP-based two-stage framework 

considering change point, imperfect debugging and error 

generation. A constant FRF has been used by Khurshid et 

al [8] in an imperfect debugging multi-release model 

using the testing effort function and the changepoint. 

Saraf et al [9] have proposed another imperfect 

debugging-based two-stage multi-release framework 

with error generation and change point. An NHPP-based 

SRGM has been proposed by Saraf et al [10] for multi-

release OSS. Another multi-release model by Khurshid et 

al [11] considers FRF. An NHPP-based Testing Coverage 

(TC) framework by Khurshid et al [12] includes Fault 

withdrawal efficiency. A model by Iqbal et al [13] 

captures the cumulative number of faults using an S-

shaped curve, formulated through a novel mathematical 

expression based on a Sigmoid function to reflect the S-

shaped characteristics. 

SRGMs are built under the assumption that all faults 

are properly fixed and that no new problems are added 

throughout the debugging process in the perfect 

debugging environment [14]. In practical software 

projects, however, it is unrealistic to assume that no new 

errors are introduced during the process of error detection 

and removal [15]. There are three kinds of manifestations 

of the imperfect debugging process. These scenarios 

include fault removal efficiency and error generation 

[16]. It is well-known that some small fraction of faults 

remains resident in the software after testing [17]. In error 

generation, the total number of faults may alter as new 

faults may be introduced throughout the debugging 

process. FRE and error generation entail that some faults 

can be added during the repair with some probability of 

removal of a fault [18]. 

In this paper, we propose an LSRGM with an EW 

testing effort function and an uncertainty factor. The 

performance of the proposed LSRGM is put into 

perspective with other select existing SRGMs using select 

comparison criteria. 

The rest of the paper is organized as follows: Section 

2 explains related work; Section 3 explains the EW 

testing effort function. Section 4 explains Model 

development via its assumptions. Section 5 illustrates the 

numerical application of the LSRGM with the EW testing 

effort function. Section 6 concludes the paper. Then the 

references section follows. 

2. Related work 

Realistic capturing of the dynamics of the software 

testing environment has been the guiding mantra of the 

research in this field. Testing can be represented in terms 

of the effort put into the software testing and debugging, 

as well as meeting the release deadlines of the project. For 

the sake of measuring software reliability, SRGMs 

integrate testing effort in terms of mathematical functions 

called testing effort functions. Many testing efforts on 

function-based SRGMs have been proposed in the 

literature. A logistic testing effort function was developed 

by Huang et al. [19] as a test effort curve representation 

of the software testing environment. Pham [20] is credited 

with the proposal of a general LSRGM that uses time-

dependent fault detection rate (FDR). The EW testing 

effort function was proposed by Bokhari et al. [21] and 

Ahmad et al. [22], wherein they have illustrated how the 

EW testing effort function is a more reliable and flexible 

testing effort curve. Ahmad et al. [23] suggested a flexible 

NHPP SRGM that uses the EW testing effort function in 

an S-shaped inflection model. Ahmad et al. [24] put forth 

an NHPP SRGM that used a Burr type X testing effort 

function to represent the software development TE 

consumption curve. Ahmad et al. [25] are credited with 

developing a flexible NHPP SRGM that incorporates a 

log-logistic testing effort function (LLTEF) into an 

inflection S-shaped model. Ahmad et al. [26] proposed an 

SRGM that combines the LLTEF with exponential and S-

shaped SRGM. An effort-based SRGM proposed by 

Khurshid et al. [27] includes error generation, FRF and 

change point for development. Saraf et al. [28] also 

proposed an effort-based SRGM. Jain et al. [29] 

presented NHPP-based SRGM using the Gompertz 

testing effort function. Rafi et al. [30] put forth an SRGM 

with a Gompertz testing effort function. Iqbal et al [31] 

consider a study on various testing effort functions. 

Pradhan et al. [32] consider a study on an NHPP model 
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with testing effort function and a Change point. Iqbal et 

al [33] consider NHPP models with Testing Coverage, 

ID, FRE and error generation. Iqbal et al [34] consider 

Burr testing effort functions in the NHPP model with an 

uncertainty factor. Haque & Ahmad [35] consider a 

reliability modeling under an uncertain testing 

environment. Li et al [36] evaluate the usefulness of 

infinite-failure NHPP models. Behera & Agarwal [37] 

discuss the effect of Weibull TEF under field 

environment in their reliability model. Behera & Agarwal 

[38] discuss effect of Power law TEF under operational 

uncertainty in their reliability model. Pham [39] defines a 

generalized fault-detection reliability model considering 

random operating environments. In [40], non-parametric 

approaches to reliability modeling are considered. [41] 

and [42] use neural networks. Mahapatra & Mahapatra 

[43] discuss a framework for reliability analysis under 

multiple change points and imperfect debugging. Roy et 

al [44] discuss the NHPP model with imperfect 

debugging and error generation. Roy & Pham [45] 

discuss the development of a conventional time series-

based web error forecasting approach. Nazir et al [46] 

proposed a non-homogeneous Poisson process model 

with a sigmoid testing effort function.  A Testing 

Coverage model proposed by Iqbal et al. [33] considers 

fault removal efficiency and error generation. Another 

recent consideration of researchers has been the 

uncertainty of testing and operational environments. The 

uncertainty in the testing environment has been 

considered in [47], according to which the uncertainty of 

the testing environment manifests in model assumptions 

and parameters. This motivates this work to consider both 

TE and the uncertainty of the testing environment in the 

LSRGM and evaluate the performance of the proposed 

model using the EW testing effort function. 

3. Model Development 

The Stochastic process {𝑁(𝑡), 𝑡 ≥ 0} actually represents 

a count of the number of fault events on a timeline. A 

Poisson process is a suitable representation of this 

stochastic counting process when the failure intensity is 

non-homogeneous, represented below accordingly: 

𝑃{𝑁(𝑡) = ⅈ} =
[𝑚(𝑡)]ⅈ

ⅈ!
ⅇ−𝑚(𝑡),   𝑖 = 0,1,2,…                                   

The MVF 𝑚(𝑡) is given as follows: 

 𝑚(𝑡) = ∫ 𝜆(ℎ)
𝑡

0
 𝑑ℎ                                                                      

Where m(t) is the expected number of errors detected 

in the time (0, t],  𝜆(ℎ) is the failure intensity function.  

NHPP makes the following standard assumptions 

[34]: 

1. Any software experiences failures at random 

times caused by faults remaining in it. 
2. Upon the failure event, the fault that led to that 

failure is immediately removed, and no new faults are 

injected into the software. 
3. The NHPP counting process models the fault 

removal process in software testing. 

4. The number of faults detected in the time 

interval (𝑡, 𝑡 + 𝛥𝑡) by the current testing effort 

expenditures is proportional to the remaining faults in the 

system. 
Under these standard assumptions of the NHPP 

framework, the additional assumptions for the 

development of LSRGM are: 

• EW TEF describes the testing effort 

expenditure. 

• There is uncertainty in the testing environment, 

which becomes manifest in assumptions and 

parameter values of the model equation. The 

impact of uncertainties is considered as v [47]. 

• Uncertainty of testing environments (v) is the 

combined impact of all uncertainty factors, with 

values in terms of probabilities/ percentages. In 

this study, a value of 0.05 is assigned to v [47]. 

Exponentiated Weibull TEF [21-22, 48]:  The EW 

curve doesn’t experience a peak phenomenon. The CTEE 

is [21]: 

𝑊𝐸𝑊(𝑡)=𝛾 (1 − ⅇ−𝜎2𝑡𝜓
)

𝜏

  

𝛾 > 0, 𝜎2 > 0, 𝜓 > 0, 𝜏 > 0  
(1) 

The CTE is: 

𝑤𝐸𝑊(𝑡) = 𝑊𝐸𝑊(𝑡)′  

= 𝛾 ⋅ 𝜎2 ⋅ 𝜓 ⋅ 𝜏 ⋅ 𝑡𝜓−1 ⋅ ⅇ−𝜎2𝑡𝜓
(1 − ⅇ−𝜎2𝑡𝜓

)
𝜏−1

  
(2) 

Incorporating TE and with the uncertainty factor v in 

the modeling process [47], we have the following 

differential equation  

𝜕𝑚(𝑡)

𝜕𝑡
∗

1

𝑤(𝑡)
= 𝑏(𝑡)[𝑎 − (1 − 𝑣)𝑚(𝑡)] 

Consider [47]: 

𝑏(𝑡) = 𝑏(1 − 𝑣)
𝑚(𝑡)

𝑎
 

Where b is the constant of proportionality, w(t) is the CTE at 

time t, and a is the expected number of faults in the system (PD). 

Assume (1-v) =µ and solve the above differential 

equation under the boundary conditions m (0) =0. MVF 

m(t) is an increasing function of t. 

𝑚(𝑡) =
𝑎

µ1 + 𝜎1𝑒−𝑏µ1𝑊(𝑡))
 

𝑚(𝑡) =
𝑎

µ1+𝜎1𝑒−𝑏µ1𝑊(𝑡)−𝑊(0) =  
𝑎

µ1+𝜎1𝑒−𝑏µ1𝑊∗(𝑡)  (3) 

Where 𝜎1 = 𝑒−𝑏 and b is an integral constant. Value 

of Uncertainty factor µ=1−v is fixated using a method as 

discussed in [47]. Substituting 𝑊𝐸𝑊(𝑡) from equation (1) 

and 𝑊𝐸𝑊(0)=0, we get the MVF of the proposed model 

using equation (3) as: 

𝑚𝐸𝑊(𝑡) =  
𝑎

µ1+𝜎1𝑒
−𝑏µ1(𝛾(1−ⅇ−𝜎2𝑡𝜓

)
𝜏

)

  (4) 

The MVFs of all models are presented in Table 1 

below. 
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Table 1. Summary of the software reliability models and their mean 
value functions 

4. Numerical Illustration 

After deriving the Mean Value Function (MVF) for our 

Software Reliability Growth Model (SRGM), the next 

important step is to carefully evaluate its performance 

using recognized goodness-of-fit measures [53-55]. The 

criteria used for this analysis include: R2 [13, 28, 56], SSE 

[28, 56], MSE [13, 28, 56]. Through the application of a 

comprehensive set of goodness-of-fit criteria, we seek to 

thoroughly evaluate the effectiveness of our SRGM in 

representing the underlying data trends. This assessment 

provides a solid foundation for understanding the model’s 

performance, supporting well-informed decisions 

regarding its suitability and reliability in practical 

software development contexts.  

a. MSE (Mean Square Error) measures the 

deviation between estimated and actual values and is 

defined as  

𝑀𝑆𝐸 =  
1

𝑛−𝑁
∑ (𝑦𝑖 − 𝑚 ̂(𝑡𝑖))2𝑛

𝑖=1   

Lower values of MSE indicate better goodness of fit 

performance. 

b. SSE (Sum of Squared Error) measures the 

total deviation of predicted values from the actual 

observed data. 

SSE = ∑ (𝑦𝑖 − 𝑚(𝑡))
2𝑛

𝑖=1  

c. R-Square is a statistical measure that indicates 

how well a model explains the variability of the response 

variable around its mean. 

𝑅2 = 1 −
∑ (𝑦𝑖−𝑚(𝑡𝑖))

2𝑛
𝑖=1

∑ (𝑦𝑖−𝑦)
2

𝑛
𝑖=1

  

The Alcatel/Lucent Technologies Dataset [57] has 

been used to compare the performance of the proposed 

model vis-à-vis other select models.  

5. Results and Discussion 

A comparison between the proposed model and existing 

SRGMs, based on the LSE method, is presented in Table 

2. Each of the proposed SRGMs involves four parameters 

a, b, µ and 𝜎. Since α is obtained by a method as described 

in [47], we did not apply the estimation method to it and 

fixating µ1 = 0.95 [47]. In order to estimate the 

parameters 𝛾, 𝜎2, 𝜓, 𝜏 of the proposed model with EW 

testing effort function, we fit the actual TE data into 

equation (1). The estimated parameters are obtained as: 

γ= 7048.395, 𝜎2 = 0.0001, ψ = 2.507, τ = 0.816. 

Using the estimated values of γ, 𝜎2, 𝜓, 𝜏, and µ𝟏 = 

0.95, the SRGM parameters 𝑎, 𝑏, 𝜎𝟏 in Equation (4) are 

derived as: 

µ = 115.232, b= 0.001, 𝜎1 = 4.513.  

The R2value for proposed model 1 is 0.984, which is 

larger when compared with the existing models. MSE and 

SSE values are 24.752 and 1311.906, respectively. 

Summary of results: Among all the models, the 

proposed model has the highest R2 value. Similarly, the 

proposed model has the lowest MSE and SSE values. 

Thus, the proposed model performs best among the listed 

models. 

Table 2. Comparison of SRGMs 

Model 

name 

Parameter 

estimation 
R2 MSE SSE 

GO 
a=159.023 

b= 0.032 

0.975 

 
39.454 2130.544 

HD/GO 

a= 0.032 

b= 0.032 

c= 0.01 

0.975 40.198 2130.544 

Yamada 

Exponential 

a=97720.4

33 

r= 0.057 

α= 0.028 

β= 0.032 

0.975 40.988 2131.386 

Yamada 

Imperfect 1 

a=158.166 

b= 0.032 

α= 0.0001 

0.975 39.587 2137.732 

Yamada 

Imperfect 2 

a=158.167 

b= 0.032 

α= 0.0001 

0.975 40.333 2137.692 

P-Z 

a=200.000 

β=343.162 

b=9999.99 

c= 0.001 

α= 0.022 

0.962 . 3246.707 

Proposed 

Model 

(with µ𝟏 = 

0.95) 

a=115.232 

𝜎1= 4.513 

b= 0.0012 

0.984 24.752 1311.906 

 

Model name Mean value function m(t) 

G-O model[14] 𝑚(𝑡) = 𝑎(1 − 𝑒−𝑏𝑡)  

HD/G-O model[49] 
𝑚(𝑡) = [𝑛 ((𝑒𝑎 − 𝑐) ∕ 𝑒𝑎𝑒−𝑏𝑡

−

𝑐)]  

Yamada Exponential 

model [50] 
𝑚(𝑡) =  𝑎 (1 − 𝑒𝛾𝛼(1−𝑒−𝛽𝑡))  

Yamada Imperfect 

model [51] 
𝑚(𝑡) =  

𝑎𝑏

𝛼+𝑏
(𝑒𝛼𝑡 − 𝑒−𝑏𝑡)  

Yamada Imperfect 

model 2 [51] 

𝑚(𝑡) = 𝑎(1 − 𝑒𝑏𝑡) (1 −
𝛼

𝑏
) +

𝛼𝑎𝑡  

P-Z model[52] 

𝑚(𝑡) =  
1

(1+𝛽𝑒−𝑏𝑡)
  

(
(𝑐 + 𝑎)(1 − 𝑒−𝑏𝑡) −

𝑎𝑏

𝑏−𝛼
(𝑒−𝛼𝑡 − 𝑒𝑏𝑡)

)  

Proposed Model 1 

𝑚𝐸𝑊(𝑡) =

 
𝑎

µ1+𝜎1𝑒
−𝑏µ1(𝜸(1−ⅇ−𝜎2𝑡𝜓

)
𝜏

)

  



78/ IJRRS / Vol. 8/ Issue 1/ 2025 

 

 

J. Iqbal, N. Manzoor, R. Farooq, T. Rasool, and R. Nazir  

6. Conclusion and future Scope 

Various SRGMs assist in making precise estimates of the 

cost, time, and resources required for a software project. 

In this study, we introduce an NHPP-based SRGM with a 

unique parameter designed to account for the impact of 

diverse uncertainties within an LSRGM framework. The 

proposed EW testing effort function model offers greater 

flexibility and better captures the real expenditure trends 

observed during the software development process. A 

comparison between the proposed SRGM and several 

existing NHPP-based models has been conducted and 

presented. In this study, the Alcatel/Lucent Technologies 

dataset [57] has been utilized to validate and assess the 

performance of the proposed model. 

Additionally, three evaluation criteria were 

employed to compare model performance. The results 

demonstrate that the proposed models consistently 

achieve better fit and predictive accuracy than the 

existing models. In future work, change points, fault 

reduction factors, and multi-release SRGMs 

incorporating uncertainty and testing effort (TE) can also 

be explored. 

The proposed model is particularly well-suited for 

software reliability data that exhibit S-shaped fault 

detection behavior, which is commonly observed in real-

world projects with delayed fault discovery due to ramp-

up in testing efforts. The use of the Exponentiated 

Weibull Testing Effort Function allows for flexible 

modeling of varying testing intensities — including early 

under-testing and later over-testing phases — making it 

ideal for projects with non-uniform, skewed testing 

resource allocation. Moreover, by incorporating 

uncertainty, the model is better aligned with practical 

environments where perfect test conditions are rarely 

guaranteed. 

However, the model may have limited applicability 

in cases where: 

• Fault detection follows a linear or exponential 

pattern without an S-shaped curve. 

• Testing effort is constant or negligible, 

rendering the added complexity of EW-TEF unnecessary. 

• Very small datasets are used, as the increased 

number of parameters may lead to overfitting or 

unreliable estimates. 
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