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Abstract

Life testing and acceptance sampling plans (ASPs) are two important fields of quality and reliability engineering. Designing sampling
plans while the critical quality characteristic is lifetime is commonly known as reliability acceptance sampling plans (RASPs). When
it is discussed, RASPs, life testing methods, and ASPs should be jointly taken into consideration, and consequently, this field attracts
the attention of researchers. In this paper, two main methods for conducting life testing are investigated: failure censoring and time
censoring. It is assumed that the lifetime of products follows an exponential distribution, and the quality of such items should be
assessed. For the aforementioned life testing methods, mathematical models are developed to minimize the expected total costs of the
test while constraints of producer and consumer risks are taken into consideration. Comparative studies and analyses are conducted to

show better the performance of these two approaches of life testing from the economic point of view.

Keywords: Lifetime; Reliability; Quality characteristic; Acceptance sampling plans; Mathematical model.

1. Introduction

Acceptance sampling plans (ASPs) are considered an
active field of statistical process control. It is desired to
design an approach/plan to decide about the acceptance
or rejection of a lot/batch. ASPs can be employed in
different stages of a production system, from the import
of raw materials to the factory, to work in process (WIP)
products, to the finished goods which are ready to deliver
to the consumers or warehouses [1], [2]. In designing
ASPs, statistical characteristics and producer and
consumer requirements should be incorporated, and an
appropriate  ASP should satisfy both consumer and
producer risks. Usually, the producer desires that a lot at
an acceptable quality level (AQL) be accepted with at
least probability of 1 — a, while a is known as the
producer’s risk. On the other hand, the consumer desire is
that a lot at a rejectable quality level (RQL) be rejected
by the plan with at least probability of 1 — f, while § is
the consumer risk.

To meet the requirements of the producer and
consumer, different ASPs are designed. Single sampling,
double sampling, repetitive sampling, and sequential
sampling plans are among others. Also, some researchers
develop mathematical models in order to optimize the
expected costs or other major criteria of the plans. In these
models, satisfying the producer and consumer risks is
usually considered as the constraint of the model. In other
words, the model optimally determines the plan
parameters in order to optimize a specific criterion of the
plan subject to the producer and consumer risks [3], [4].

Another key feature of ASPs is the Operating
Characteristic (OC) curves. It is a curve to determine the
acceptance probability of a plan given a specific quality
level. An ideal ASP should accept a lot at a quality level
less than RQL with probability zero, and the acceptance
probability should be one for the quality levels that are
larger than AQL[5]. However, as its name indicates, it is
just an ideal plan. In practice, it is desired that a plan has
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an OC curve which be as similar to the perfect OC curve
as possible.

When the critical quality characteristic is lifetime,
designing life tests arises as a field in reliability and
quality engineering. Different life test methods are
developed. Sometimes these methods are classified into
time censoring and failure censoring methods. In the time
censoring methods, the test is normally terminated after
passing a prespecified time. In contrast, in the failure
censoring, the test is terminated after observing a
specified number of failures. Failure censoring and time
censoring life tests are also known as censoring type II
and I, respectively.

Reliability acceptance sampling plans (RASPs) is a
field in the intersection of life testing and ASPs. In other
words, in RASPs, the quality characteristic is lifetime,
which necessitates designing life tests so that the
requirements of the producer and consumer are met. As
many life testing methods are destructive or lengthy,
minimizing the costs of the test becomes of paramount
importance. Accordingly, some researchers provide
mathematical models in this regard.

In [6], a mathematical model is developed to
minimize the expected total costs of a failure censoring
life testing under the constraints of producer and
consumer risks. The OC curve of the test is derived, and
some analyses are provided. In [7], a mathematical model
is developed to minimize the number of failures in an
RASP, while the lifetime follows an exponential
distribution. They also extended the model for the two-
parameter Weibull distribution. A sampling plan for the
exponential distribution is provided in [8]. It is based on
the two-point approach in the OC curve, i.e., AQL and
RQL, to meet the producer and consumer risks. In [9], a
sampling plan under truncated life testing is provided,
while the lifetime data are assumed to follow the Rama
distribution. More recently, in [10], a group acceptance
sampling plan is proposed under truncated life testing
while the data follow a gamma Lindley distribution. A
double-sampling plan for truncated life testing is
developed by [11] while the lifetime of items follows a
half-normal distribution.

In [12], an accelerated acceptance sampling plan is
proposed for degraded products under an inverse
Gaussian distribution. The authors considered the
uncertainty of the acceleration factor and used simulated
and real data to show the applications of their model. To
evaluate the reliability of products, [13] proposed single
and double acceptance sampling plans under truncated
life testing. They used percentile life as a measure of
reliability. Moreover, the equations for OC curves are
derived, and a mathematical model is developed to
minimize the required sample size of the test. Similar
research is conducted in [14]about reliability acceptance
sampling plans. A nonlinear optimization model is
developed in [15] to minimize the average sample
number (ASN) given the constraints of producer and
consumer risks. The authors used the process capability
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index and employed the model for circular products. In
another research, the economic design of the resubmitted
sampling plan is studied based on the process yield index,
while the Taguchi loss function is employed [16]. More
recently, in [17], a hybrid group censoring is utilized to
evaluate the exponentially distributed items for step-
stress accelerated life testing. In [18], a multi-stress
accelerated degradation test is proposed to assess and
predict the remaining useful life (RUL) of milling tools in
CNC machines.

Given the literature of RASPs, the main novelties of
the current research are summarized as follows:

e Development of two mathematical models to
minimize the expected total costs of two approaches of
life testing, including time censoring and failure
censoring

e  Constraints regarding producer and consumer
risks are taken into consideration as constraints of the
models

e Derive equations to compute the OC curve of the
two approaches of life testing

e Conduct comparative studies and analyses to
show the advantages/disadvantages of one approach
against another from an economic point of view.

The rest of the paper is organized as follows: Section
2 provides the problem statement and introduces some
basic concepts. Section 3 discusses the two approaches of
life testing and their respective mathematical models.
Also, the relative equations of OC curves are presented.
Section 4 conducts some analyses and comparative
studies. Finally, Section 5 concludes the paper.

2. Problem Statement

Consider the lifetime of an item as its critical quality
characteristic. It is assumed the lifetime is a random
variable denoted as ¢ and it follows an exponential
distribution with failure rate A. In other words:
f(t) =2~ o
Assessment of the lifetime of this product is
desirable. More specifically, the following hypothesis test
will be conducted:
Hy: 1 = A
{Hl: A=24>2
The probabilities of type I and II errors are
considered a and f, respectively. In the field of
acceptance sampling plans, they are defined as in the
following. The supplier/producer desire is that a lot at
quality level A = A, be accepted with at least probability
1 — a. On the other hand, the consumer desires to accept
a lot at quality level A = A; with at most probability of 5.
In the terminology of acceptance sampling plans, 4, and
A, are called acceptable quality level (AQL) and limiting
quality level (LQL), Lot Tolerance Percent Defective
(LTPD) or Rejectable Quality Level (RQL), respectively.

@)
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Also, @ and f are the producer and consumer risks,
respectively.

The costs of the test can be classified as in the
following:

e Operational costs: these costs have a direct
proportion to the duration of the test, i.e., as the test
duration increases, they increase as well and vice versa. It
is assumed C; for a time unit of the test.

e The costs of the items placed in the test: it is
assumed C, for every item used in the test

e The costs of the failed items: the costs of every
item that failed during the test are C5.

We aim to provide mathematical models to
minimize the expected total costs of the life testing while
satisfying the risks of the producers and consumers. In
the following two methods to conduct the life testing and
assess the quality characteristic are provided. The first
approach is called failure censoring or type II censoring
without replacement. The second method is called time
censoring or type I censoring with replacement.

The objective functions of the mathematical models
of the two approaches of life testing (Equations 4 and 8
in the following) consist of three terms: operational costs
of the test, the costs of items placed on the test, and the
costs of failed items. The models optimize the expected
total costs of the test subject to the constraints of the
producer’s and consumer’s risks. The optimal point
proposed by the models indeed provides a tradeoff among
these three costs of the test.

3. Two approaches to conduct the life
testing and their respective
mathematical models

First, a failure censoring method is described, and its
mathematical model is derived. Also, an equation to
compute the acceptance probability of a lot under a
desired quality level is derived. This equation is
employed to display the OC curve. In the second
subsection, the second approach for conducting the test is
explained. It is time censoring or type I censoring. Its
mathematical model and equation to derive the OC curve
are also provided.

3.1 Type Il/Failure
mathematical model

censoring and its

It is assumed that # items are randomly selected and put
in the test concurrently. The test continues until » items
fail (r < n). During the test, the failure timepoints of
every item are recorded, which eventually form the

following ordered statistics: E1yr t2)s s Er)-
Accordingly, the following statistic is computed:
W =%i1tgy+ (=1t 3)

It is well discussed in [19] that 2Aw follows a chi-
square distribution with 2r degrees of freedom which is
denoted as: 2Aw~y%,. Accordingly, the following
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approach is used to assess the quality of items: if % <k,

the lot is accepted, and otherwise it is rejected, which
means the lot does not meet the quality criteria. The value
of k is critical and is determined by the model as discussed
in the following.

A model to minimize the expected total costs (E7TC)
of the test is derived in [6]as in the following:

Minimize ETC(n, 7, k) = % p)r) ﬁ +nC, +
rC;

2AqT

Subjectto: P(xi, <=>)<a @
POG, 2D < B
nzr,k>0

The objective function minimizes the total costs of
the test. It encompasses three terms. As the test averagely

11 . . .
takes %Z;zé; time unit to terminate, the first term

computes the operational costs of the test. The second and
third terms are the costs of items placed on the test and
the costs of the failed items, respectively. The first and
the second constraints are the risks of the producer and
the consumer, respectively. Decision variables of the
model are 7r,n, and k. In other words, the model
determines these variables so that the total costs of the test
are minimized.

As the sample size (n) increases, the expected time
to terminate the test decreases, and consequently, the
operational costs of the test (the first term of the objective
function) decrease. On the other hand, increasing sample
size leads to an increase in the costs of the items placed
on the test and the costs of the failed items (the second
and third terms of the objective function). Hence, a
tradeoff is necessary among these three terms of the
objective function in order to minimize the expected total
costs of the test. For more discussion in this regard, the
interested reader is referred to [6].

Equation 4 is a non-linear mixed integer
mathematical model, i.e., k is a continuous variable, while
n and r are integer and discrete variables. This type of
model is difficult to optimize, especially given its non-
linear constraints. Thus, by discretizing the continuous
variables in reasonable intervals, a grid search algorithm
is provided in MATLAB software.

According to the rule of this approach, for a lot at
quality level A, the probability of acceptance is computed
using the following equation [6]:

T[a(/D = P(Xzzr 2 Zkﬂ) (%)

In other words, this equation provides the OC curve
of the plan.

3.2 Type I/Time
mathematical model

censoring and its

In this test, n items are randomly selected and
simultaneously put in the test. During the test, once a
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fails, it is replaced with a new one. The test continues
until a predetermined time as t,. Having finished the test,
the total number of failed items is enumerated. If it is less
than or equal to a critical number as r, the lot is accepted,
and otherwise it is rejected. Accordingly, during the test,
there are always n items. Let us define N (¢t,) as a random
variable denoting the number of failed items during the
test. It follows a Poisson distribution with rate nA. Hence,
the probability of observing r failures during the test can
be computed as follows:

P(N(to) =1) =

To evaluate a lot, the number of failures is compared
with 7. It means that if N(t,) < r, the lot is accepted,
which is equivalent to acceptance of the null hypothesis,
and otherwise the lot is rejected. According to the
relations of Poisson, Erlang, and Chi-square distribution,
the following equation can be derived:

PIN(to) < 7] = p(x3riz2 = 2nAty) (7

Finally, the following mathematical model
minimizes the expected total costs of the test:

Minimize ETC(n,71,t,) = C3nlty + Con(1 4+ (8)
Aty) + City
subject to

e—ﬂ.nfo (nAtO)r

r!

r=012. ©

P(x3riz > 2ntghy) 21—«
P(XFrsz > 2ntohy) < B
n,vr € INTEGER ,t, > 0

Like Equation 4, Equation 8 is also a mixed integer
non-linear mathematical model. Again, a grid search
algorithm is developed in MATLAB software to optimize
this model.

Decision variables of the model are n, r, and t,. The
first and second constraints guarantee the producer and
consumer risks. The model optimally determines the
decision variables to minimize the costs of the test.
Finally, the following equation is employed to derive the
OC curve of this test:

ma(tnld) = pIN(to) < 7] =1 -
-Anto j

Z;‘;r+1e j(!nAtO) =

P(x3r42 = 2nlty)

It should be recalled that two approaches are
discussed to conduct the life testing. The first is failure
censoring (type Il censoring), while the failed items are
not replaced during the test. The second is time censoring
or type I censoring, while the failed items are replaced
with new ones during the test. In the proposed approach
of type I censoring, n items are placed on the test, and
once an item fails, it is replaced with a new one. Hence,
the total number of items during the test remains fixed,
and the stochastic process describing the number of failed
items during a specified interval forms a stochastic
Poisson process with rate nA [20].

)

4. Numerical Examples and Analyses

In the following, some examples and analyses are
provided to show the applications of the models and
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equations. The data of the example are presented in Table
1. Accordingly, for this example, the producer and
consumer risks are 0.01 and 0.05, respectively. The costs
for every failed item are 5, and the cost for any item used
during the test is 75. Also, for an hour of test, the
operational cost is 10. Acceptable quality level and
rejectable quality level are considered 0.001 and 0.002,
respectively.

Table 1. Data of the example
Ci | C; | G a B Ao A
10 75 5 0.01 0.05 0.001 0.002

For the type II censoring (failure censoring)
approach without replacement, Table 2 shows the results.
For type I censoring (time censoring) with replacement,
Table 3 displays the results. It is worth noting that in the
mathematical models derived for both life testing
methods, a value should be specified for A. As it is
common in the literature of ASP and RASP, the models
are solved under three different values of 4, including A,
, 4, and 0.5(4; + A;) as shown in both tables. For
example, given the value of 4,, for the failure censoring,
it is necessary to place 70 items simultaneously, and the
test continues until observing 36 failed items. During the
test, the failure time of any of the items is recorded, and

accordingly, Equation 3 is computed. If %=iv—6$

0.0016, the lot is accepted, and otherwise it is rejected.
For the same value of A, if time censoring is employed, it
is required to place 54 items on the test and terminate the
test after passing 420 hours. If the number of failed items
during the test is less than or equal to 34, the lot is
accepted; otherwise, it is rejected. As Tables 2 and 3
show, the optimal costs of the failure censoring and time
censoring under 4; are 9000 and 11881, respectively. It
means that for this level of quality, the failure censoring
is a better approach from an economic point of view, as it
leads to 32% savings in the costs. For the quality level A,
however, the time censoring test leads to less expected
cost, and at quality level 0.5(4, 4+ A,), the failure
censoring provides a better result.

Table 2. The results for type II censoring

Decision
Variables
T n k ETC

Differen
Values of
Lambda

Ao 36 89 0.0016 12000

M 36 70 0.0016 9000

0.5( + 1y) 36 77 0.0016 10119
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Table 3. The results for type I censoring

Decision
Variables
Differen ’ " i ETC
Values of
Lambda
Ao 34 54 420 10066
A 34 54 420 11881
0.5(4¢ + 11) 34 54 420 10973

Comparison of Tables 2 and 3 shows that one of the
main factors affecting the performance of one approach
of life testing against another is the quality of the assumed
lot, which is indeed represented by A. Thus, to have a
better insight into the comparison of these two methods
of life testing, Figure 1 displays the ETC of the two tests
for different levels of a lot’s quality. It cannot be
concluded that one approach is uniformly better than the

12500
12000
11500
11000
E 10500
10000
9500
9000
8500

8000

0.001 0.0012 0.0014

—@— Failure Censoring
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other. Indeed, the trends of the two methods with changes
of 1 are completely different. For the failure censoring, as
A increases from 0.001 to 0.002, ETC decreases, while for
the time censoring, the trend is increasing. Consequently,
for 1 < 0.0013, the time censoring test yields lower
costs. Generally speaking, it can be concluded that for the
lots with a high-quality level, the time censoring method
provides better results. On the other hand, if the quality
level of the received lot is poor, it is recommended to use
the failure censoring method.

From a managerial implications point of view, these
results show that for a supplier with high quality levels, it
is recommended to employ time censoring in order to
evaluate the quality of the received lots/batches. In
contrast, if a supplier is new or producers/manufacturers
are not sure about the quality of what they received, it is
better to apply the failure censoring in order to decrease
the expected total costs of the test. Moreover, for a time
censoring test, the analyst has more control over the time
to end the test, while for the proposed failure censoring,
the analyst can specify the number of failed items to
terminate the test.

0.0016 0.0018 0.002

Lamda

-=@®--Time Censoring

Figure 1. Comparison of the expected total costs (ETC) of the failure censoring and time censoring for different quality levels of a lot

According to Equations 5 and 9, the OC curves are
plotted and shown in Figure 2. There is a little difference
between the two curves. It seems that the probability of
acceptance of the lot is larger under failure censoring for

all quality levels. For example, at quality level 0.0015, the
probabilities of acceptance are 0.54 and 0.63 for time and
failure censoring, respectively.
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Figure 2. The Operating Characteristic (OC) curve of the two tests

In the following, some analyses are provided to
show the effects of changing the test parameters. One of
the key factors in the ASPs is consumer and producer
risks, i.e., @ and . Table 4 provides some insights in this
regard. Different results can be inferred from this table.
First, as the level of a or B increases, the ETC
significantly decreases. For example, for a« = 0.01, 8 =

0.01, the time censoring and failure censoring life testing
lead to ETC of 13546 and 11865, respectively. If we set
B = 0.05, for the same level of producer risk, ETC
becomes 10973 and 10119 for the time censoring and
failure censoring, respectively. Also, increasing the
producer/consumer risks decreases the values of decision
variables of the test, i.e., n, 7, and t.

Table 4. Analyzes the effects of the producer and consumer risks

a B Time/failure censoring n r Kor t, ETC
Failure censoring 92 47 0.0015 11865
0.01
Time censoring 68 45 465 13546
Failure censoring 77 36 0.0016 10119
0.01 0.05 ) :
’ Time censoring 54 34 420 10973
Failure censoring 68 30 0.0016 9091
0.1
Time censoring 51 29 365 9710
Failure censoring 33 0.0014 9613
0.01 3
Time censoring 55 32 435 11348
Failure censoring >9 24 0.0015 7987
0.05 0.05
Time censoring 48 23 340 8960
Failure censoring 19 0.0015 6988
0.1 el
Time censoring 42 18 295 7588
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a B Time/failure censoring n T Kort, ETC
Failure censoring 62 26 0.0013 8365
0.01
Time censoring 48 25 410 10063
0.1 Failure censoring 18 0.0014 6778
0.05 20
Time censoring 44 17 290 7732
01 Failure censoring 44 15 0.0015 6115
' Time censoring 38 14 265 6709

In the following, some analyses are conducted to
show the parameter effects of the life testing. Table 5
displays the impact of a change in AQL and RQL. The
general impression obtained from this table is that as the
difference between AQL and RQL becomes wider, the
values of n and r decrease, which consequently decreases
the ETC of the test. Finally, the effects of cost parameters,
i.e., C;, C, and C5 are thoroughly investigated in [6].

Table 5. Analyzing the effects of 4y and 4,
a=0.01; $=0.05C,=10; C, =75; C3=5

Ao A n r k ETC
0.001 | 0.002 77 36 | 0.0016 | 10119
0.0025 51 21 0.0018 | 6923

0.003 41 16 0.002 5589

0.002 | 0.003 135 | 100 | 0.0026 | 15971
0.0035 83 53 0.0028 | 10125

0.004 60 35 0.0031 | 7554

0.003 | 0.005 87 63 0.0041 | 10022
0.006 54 35 0.0046 | 6508

5. Conclusion

In this paper, a comparison of two approaches to conduct life
testing is investigated from the economic point of view. The
first approach was failure censoring, and the second was
time censoring. The item's lifetime is assumed to follow an
exponential distribution. To this end, mathematical models
are developed for the two approaches. The models provide
the optimal life testing and sampling plan to minimize the
expected total costs of the test. Thus, the objective function
of the models is to reduce the costs of the tests, and producer
and consumer risks are taken into consideration as
constraints of the models. Equations to compute the OC
curves are also provided. Finally, some analyses and
comparative studies are conducted. The results show that it
cannot be claimed that one approach monotonically
surpasses the other approach. The decision regarding the
appropriateness of one approach over another depends on
many factors, for example, the mean quality level of the
lots/batches.
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