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Abstract 

This paper addresses the critical challenge of determining the optimal number of re-inspections in industrial applications to detect non-

apparent failures. These failures, often subtle or latent, can have significant consequences if they reach the end-user. We develop a 

comprehensive mathematical model aimed at minimizing the total expected cost associated with defect detection. This model intricately 

considers the probability of detecting defective items at each inspection stage, acknowledging the inherent imperfections and potential 

for false positives and false negatives in any inspection process. The core of our approach lies in balancing the direct cost of inspecting 

with the indirect but potentially substantial risk and cost of releasing undetected nonconforming items into the market or the next stage 

of production. Through a detailed mathematical formulation, we derive an optimal re-inspection policy. An illustrative example is 

provided to demonstrate the practical applicability of our model, followed by a thorough sensitivity analysis to assess the impact of 

key process parameters on the derived inspection policy. This work contributes to improving quality control by providing a data-driven 

framework for optimizing inspection resources. 

Keywords: Inspection effectiveness; Inspection policy; Optimization; Re-inspection.

1. Introduction 

An inspection plan is a cornerstone of quality assurance, 

playing a vital role in ensuring that products and services 

consistently meet customer requirements. When failures 

can be detected through inspection, the efficacy of the 

process hinges on establishing effective failure detection 

procedures, commonly referred to as the “optimum 

inspection policy.” This policy seeks to minimize the total 

expected cost, a balance between the direct costs incurred 

from frequent inspections and the often-substantial costs 

associated with undetected failures. 

The literature extensively discusses various optimal 

and near-optimal inspection policies. For instance, 

Barlow et al. [1] focused on minimizing the lapse time 

between system failure and detection alongside 

inspection costs. Elshafei et al. [2] employed dynamic 

programming for multi-characteristic components and 

repeat inspections. Yang [3] explored K-stage inspection 

systems, while Vaghefi and Sarhangian [4] developed a 

model for multi-stage manufacturing systems with 

misclassification errors. Other research has delved into 

optimal inspection times for standby systems [5], 

maintenance cost models [6], and hybrid inspection-

replacement policies for degrading assets [7]. 

Furthermore, the concept of imperfect inspection has 

been a significant area of investigation across diverse 

practical problems, including quality control, inventory 

control, and production planning. Studies have 

considered inspection errors in decision-making [8-10], 

proposed economic single-sampling plans using various 

probability distributions [11], and developed inventory 

models accounting for imperfect items and inspection 

errors [12-15]. The impact of Type I inspection errors 

(rejection of conforming items) [16] and methods for 

assessing offline inspection effectiveness [17] have also 

been explored. Additional research has utilized Markov 

chains for production with inspection errors [18], 

addressed lot-sizing with learning effects in inspection 

errors, and examined innovative inspection techniques 
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[19]. The application of dynamic programming [20], 

simulation modeling [4], frameworks for multi-stage 

systems [21], Bayesian methods [22, 23], and machine 

learning algorithms [24] have all contributed to 

optimizing inspection processes. Moreover, research has 

considered inspection scheduling within supply chains 

[25], the impact of inspection errors on quality control 

systems [26], system dynamics for complex 

manufacturing [27], and industry-specific applications 

like automotive manufacturing [28] and electronics 

manufacturing [29]. Challenges for small-scale 

manufacturers [30], the use of statistical quality control 

[31], predictive maintenance [32], automated inspection 

systems [33], the link between inspection errors and 

consumer satisfaction [34], data analytics for quality 

management [35], cross-sectoral policy assessment [36], 

and the integration of lean manufacturing principles [37] 

further highlight the breadth of research in this domain. 

A prevalent method for mitigating the impact of 

imperfect inspection is re-inspection. By re-inspecting 

items, the probability of detecting defective items 

increases, thereby enhancing the accuracy of the 

inspection process. However, this approach introduces a 

new challenge: determining the optimal number of re-

inspections. 

To address this critical question, this paper 

introduces a novel mathematical model. To the best of our 

knowledge, the economic design of inspection policies, 

particularly concerning the optimal number of re-

inspections, has not been previously addressed in the 

literature. This problem is of paramount importance 

because imperfect inspection can lead to the sale of non-

conforming items, resulting in customer dissatisfaction 

and a loss of market share. Given that most industries 

operate with imperfect inspection processes, re-

inspecting items is often recommended to maximize the 

detection of non-conforming items. This, however, 

necessitates a careful balance between increased 

inspection costs and the costs associated with non-

conforming items. 

The key contributions of this paper are: 

• Development of a Novel Mathematical Model: 

We present a new mathematical model designed to 

determine the optimal number of re-inspections required, 

explicitly considering the probability of detecting a 

defective item (inspection effectiveness) to minimize 

total expected costs. 

• Focus on the Economical Design of Inspection 

Policies: This work pioneers the economical design of 

inspection policies by providing a structured approach to 

determine the optimal number of re-inspections, a crucial 

aspect for cost-effective quality assurance. 

• Balancing Inspection Costs and Non-conforming 

Item Costs: The proposed model offers a rigorous method 

to achieve an optimal balance between the escalating 

costs associated with performing multiple re-inspections 

and the significant financial and reputational damages 

incurred from selling non-conforming products. 

The remainder of this paper is organized as follows: 

Section 2 introduces the notations required for modeling 

the problem. Section 3 details the design and construction 

of the proposed model. Section4 clarifies the conceptual 

relationship of 𝑃 and details the empirical mechanism for 

its utilization. In Section 5, a numerical example 

demonstrates the application of the inspection policy, and 

a comprehensive sensitivity analysis explores the impact 

of key process parameters. Finally, Section 6 concludes 

the discussion. 

2. Notations 

To mathematically formulate the problem, the following 

notations are adopted: 

C1: Penalty cost per undetected defective item. 

C2: Cost per detected defective item. 

C: Inspection cost per cycle. 

λ: Expected arrival rate of defective items per 

inspection cycle (i.e., the expected number of defective 

items entering the system within one inspection period). 

𝑃: Probability of detecting defective items. 

3. Problem statement and formulation 

Consider a system where defective items arrive at an 

expected rate of 𝜆 per inspection cycle. In this system, 

failures are not detected immediately, and usually, 

reinspection is required to identify the fault. Each 

inspection incurs a cost 𝐶, so we do not frequently 

perform inspections. However, there is a penalty cost 𝐶1 

associated with failure to detect defective items. 

Our problem is to determine the number of times that 

re-inspection must be performed according to the 

probability of detecting a defective item 𝑃, which will 

minimize the total expected value of the cost of the 

detected and undetected defective items and the 

inspection cost. Let 𝐶𝑖(𝑃) denote the total expected cost 

if inspections are performed 𝑖 times. Then, it is obtained 

for a one-time inspection as follows: 

𝐶1(𝑃) = 𝐶1𝜆(1 − 𝑃) + 𝐶2𝜆𝑃 + 𝐶,  (1) 

where 𝜆𝑃 and  𝜆(1 − 𝑃) denote the expected number of 

detected and undetected defective items per inspection 

cycle, respectively, during a single inspection. 

In addition, for further inspection, 

C2(P) = C1λ(1 − P)2 + C2λP + C2λP(1 −
P) + 2C.  

(2) 

where 𝜆𝑃 + 𝜆𝑃(1 − 𝑃) and  𝜆(1 − 𝑃)2 denote the 

expected number of detected and undetected defective 

items per inspection cycle, respectively, during two 

inspections. 

Therefore, the following can be similarly 

generalized for 𝑖-inspections: 
Ci(P) = C1λ(1 − P)i + C2λ ∑ P(1 − P)ki−1

k=0 +

iC  
(3) 

Here, ∑ 𝑃(1 − 𝑃)𝑘𝑖−1
𝑘=0  represents the expected 

proportion of items detected up to the 𝑖𝑡ℎ inspection. 
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By setting {𝑓(𝑃) = 𝐶𝑖(𝑃) − 𝐶𝑖−1(𝑃)} to be greater 

than or equal to zero means that the cost of (𝑖) inspections 

are greater than the cost of (𝑖 − 1)inspections that result 

in inspecting the batch of items 𝑖 − 1 times, the following 

inequality is obtained. 

f(P) = λP(1 − P)i−1(C2 − C1) + C ≥ 0 →

P(1 − P)i−1 ≤
−C

λ(C2−C1)
; for i = 2,3,4, …  

(4) 

Let 𝑝𝑖  be the largest root in [0, 1] of 𝑓(𝑃). Our 

proposed inspection policy is as follows: 

If 𝑃 > 𝑝2, a single inspection is optimal. 

If 𝑝2 > 𝑃 > 𝑝3, then two inspections are optimal. 

Similarly, if 𝑝𝑖−1 > 𝑃 > 𝑝𝑖 , then 𝑖 − 1 inspections 

are optimal. 

We should select 𝑝𝑖  as the largest solution of (4) 

because 𝑓(𝑃) is an increasing function of 𝑃 in the interval 

[𝑝𝑖 , 1] then the function 𝑓(𝑃) = 𝐶𝑖(𝑃) − 𝐶𝑖−1(𝑃) will be 

positive, which means that the cost of (𝑖) inspections are 

greater than the cost of (𝑖 − 1)inspections for values of 

𝑃 > 𝑝𝑖  that adapts to our decision-making policy. 

𝑓′(𝑝) = 𝜆(1 − 𝑃)𝑖−1(𝐶2 − 𝐶1) − 𝜆(𝑖 −
1)𝑃(1 − 𝑃)𝑖−2(𝐶2 − 𝐶1) = 𝜆(1 − 𝑃)𝑖−2(𝐶2 −
𝐶1)(1 − 𝑖𝑃) > 0  

(5) 

Since both (𝐶2 − 𝐶1) and (1 − 𝑖𝑃) are negative, the 

function 𝑓′(𝑝)  is positive; thus, the function 𝑓(𝑃) is an 

increasing function (since the parameter 𝑃 will be near to 

one, thus the function (1 − 𝑖𝑃)  is negative). 

4. Practical Implementation of the 

Inspection Policy 

In this section, we clarify the conceptual relationship of 𝑃 

and detail the empirical mechanism for its utilization: 

4.1 Clarification of the Conceptual Link to 

Statistical Error (Type II Error) 

The parameter 𝑃, defined as the probability of detecting 

a defective item, is directly equated to the Power of the 

Statistical Test (𝑃 = 1 − 𝛽), where 𝛽 represents the Type 

II Error (the probability of failing to detect a defect, or 

equivalently, accepting a defective batch). The inherent 

costs associated with Type II errors, particularly the high 

penalty cost 𝐶2 for accepting a defective item, they are 

central to our optimization objective. Minimizing the 

expected cost, therefore, inherently involves managing 

and minimizing 𝛽, which is directly linked to 𝑃. 

4.2 Operational Implementation through 

Empirical Monitoring (Leveraging OC 

Curves) 

To address the operational feasibility, we assert that 𝑃 

should not be treated as a static, unknown parameter but 

rather as a dynamic, empirically derived value. We 

propose utilizing Operating Characteristic (OC) Curve 

analysis to establish an adaptive and practical 

framework: 

• Empirical Ascertainment of 𝑷̂: The effective 

probability of detection, 𝑃̂, is determined empirically 

through continuous monitoring of the inspection 

mechanism’s long-term performance. This 𝑃̂ is calculated 

as the ratio of Observed Detections of True Defects to 

the Total Number of True Defects processed over a 

predefined operational period. This provides a real-time 

estimate of the inspection system’s current capability. 

• Policy Conditioning based on Cost Thresholds: 

The optimal re-inspection sequence, denoted as 𝑖∗, is 

determined by minimizing the expected cost. Crucially, 

the decision rule derived from this minimization, “re-

inspect if 𝑝𝑖−1 > 𝑃̂ > 𝑝𝑖”, serves as a control limit. The 

thresholds 𝑝𝑖−1 and 𝑝𝑖  are derived from the cost 

parameters (𝜆, 𝐶, 𝐶1, 𝐶2) and represent fixed boundaries 

related to the economic trade-offs, independent of the 

current estimate of 𝑃. Our optimization identifies the set 

of optimal 𝑖∗ for all plausible values of 𝑃 (or 𝑃̂) 

beforehand. 

• Adaptive Policy and Feasibility: In practical 

implementation, the system dynamically selects the most 

appropriate re-inspection policy (𝑖∗) based on the current 

monitored value of 𝑃̂. This approach ensures that the 

policy adapts to the actual performance of the inspection 

process. Furthermore, if 𝑃̂ drifts significantly from its 

expected range (which can be monitored using the 

associated OC curve and control limits for 𝑃̂ itself), the 

system flags the inspection process for recalibration. This 

mechanism ensures the policy remains adaptive and 

operationally feasible over time, rather than being rigidly 

tied to a theoretical, unknown 𝑃. 

5. Results 

This section details the application of the proposed 

inspection policy through a numerical example and 

presents the findings from a comprehensive sensitivity 

analysis to understand the influence of key process 

parameters. 

5.1 Numerical Example 

To illustrate the practical utility of the proposed model, a 

numerical example was solved using MATLAB. The 

following parameters were assumed: 

𝐶1 (Penalty cost per undetected defective item) = 100 

𝐶2 (Cost per detected defective item) = 80 

𝐶 (Inspection cost per cycle) = 30 

𝜆 (Expected arrival rate of defective items per 

inspection cycle) = 20 

The probability of detecting defective items, 𝑃, was 

varied within the feasible interval of [0, 1] to determine 

the optimal number of inspections. The results are 

summarized in Table 1. 
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Table 1. The largest roots of 𝑓(𝑃) in [0,1] and optimal inspection 

policy 

𝒊 𝒑𝒊 optimal inspection policy 

2 0.918 
If P > 0.918, a single inspection is 

optimal. 

3 0.664 
If 0.918 > P > 0.664, two inspections 

are optimal. 

4 0.449 
If 0.664 > P > 0.449, three inspections 

are optimal. 

5 0.282 
If 0.449 > P > 0.282, four inspections 

are optimal. 

6 - 
If P < 0.282, five inspections are 

optimal. 

Note: The 𝑝𝑖  values are determined with an accuracy of 

three decimal places. 

This example demonstrates how the model 

determines the optimal number of inspections based on 

the probability of detecting defective items. For instance, 

if the probability of detection is high (e.g., P > 0.918), a 

single inspection is sufficient. However, as the detection 

probability decreases, the model recommends an 

increased number of inspections to minimize the total 

expected cost. 

5.2 Sensitivity Analysis 

A sensitivity analysis was conducted to assess the impact 

of variations in the parameters 𝐶1, 𝐶2, 𝐶, and 𝜆 on the 

optimal inspection policy. The results are presented in 

Tables 2 through 5. 

Table 2. Sensitivity analysis of the parameter 𝐶1(Penalty cost per undetected defective item) 

𝒊 𝑪𝟏 𝑪𝟐 𝑪 𝝀 𝒑𝒊 optimal inspection policy 

2 120 80 30 20 0.961 If P > 0.961, a single inspection is optimal 

3 120 80 30 20 0.781 If 0.961 > P > 0.781, two inspections are optimal 

4 120 80 30 20 0.604 If 0.781 > P > 0.604, three inspections are optimal 

5 120 80 30 20 0.468 If 0.604 > P > 0.468, four inspections are optimal 

6 120 80 30 20 0.366 If 0.468 > P > 0.366, five inspections are optimal 

7 120 80 30 20 0.288 If 0.366 > P > 0.288, six inspections are optimal 

8 120 80 30 20 0.227 If 0.288 > P > 0.227, seven inspections are optimal 

9 120 80 30 20 0.175 If 0.227 > P > 0.175, eight inspections are optimal 

10 120 80 30 20 0.126 If 0.175 > P > 0.126, nine inspections are optimal 

11 120 80 30 20 - If P < 0.126, ten inspections are optimal 

Observations: As the penalty cost for undetected 

defective items (𝐶1) increases, the threshold values for the 

probability of detection also increase. This indicates a 

more stringent inspection policy, where a higher number 

of inspections are required to ensure that fewer defective 

items are missed. This behavior aligns with the practical 

expectation that higher costs associated with undetected 

defects warrant more thorough inspection processes. 

Table 3. Sensitivity analysis of the parameter 𝐶2(Cost per detected defective item) 

𝒊 𝑪𝟏 𝑪𝟐 𝑪 𝝀 𝒑𝒊 optimal inspection policy 

2 100 96 30 20 - a single inspection is optimal 

2 100 64 30 20 0.956 If P > 0.956, a single inspection is optimal 

3 100 64 30 20 0.767 If 0.956 > P > 0.767, two inspections are optimal 

4 100 64 30 20 0.586 If 0.767 > P > 0.586, three inspections are optimal 

5 100 64 30 20 0.448 If 0.586 > P > 0.448, four inspections are optimal 

6 100 64 30 20 0.345 If 0.448 > P > 0.345, five inspections are optimal 

7 100 64 30 20 0.266 If 0.345 > P > 0.266, six inspections are optimal 

8 100 64 30 20 0.202 If 0.266 > P > 0.202, seven inspections are optimal 

9 100 64 30 20 0.142 If 0.202 > P > 0.142, eight inspections are optimal 

10 100 64 30 20 - If P < 0.142, nine inspections are optimal 

Observations: Decreasing the cost per detected 

defective item (C_2) leads to a similar effect as increasing 

C_1. The threshold values for the probability of detection 

increase, resulting in a more rigorous inspection policy. 

This is because a lower cost for detected defects 

effectively increases the relative cost of undetected 

defects, making additional inspections more 

economically justifiable. 
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Table 4. Sensitivity analysis of the parameter 𝐶(Inspection cost per cycle) 

𝒊 𝑪𝟏 𝑪𝟐 𝑪 𝝀 𝒑𝒊 optimal inspection policy 

2 100 80 36 20 0.900 If P > 0.900, a single inspection is optimal 

3 100 80 36 20 0.619 If 0.900 > P > 0.619, two inspections are optimal 

4 100 80 36 20 0.383 If 0.619 > P > 0.383, three inspections are optimal 

5 100 80 36 20 - If P < 0.383, four inspections are optimal 

2 100 80 24 20 0.936 If P > 0.936, a single inspection is optimal 

3 100 80 24 20 0.709 If 0.936 > P > 0.709, two inspections are optimal 

4 100 80 24 20 0.510 If 0.709 > P > 0.510, three inspections are optimal 

5 100 80 24 20 0.362 If 0.510 > P > 0.362, four inspections are optimal 

6 100 80 24 20 0.246 If 0.362 > P > 0.246, five inspections are optimal 

7 100 80 24 20 - If P < 0.246, six inspections are optimal 

Observations: As the inspection cost (C) decreases, 

the threshold values for the probability of detection 

increase. This leads to a greater number of inspections 

being optimal for a given detection probability. This 

result is intuitive, as lower inspection costs make it more 

economical to conduct additional inspections. 
Table 5. Sensitivity analysis of parameters λ (Expected arrival rate of defective items per inspection cycle) 

𝒊 𝑪𝟏 𝑪𝟐 𝑪 𝝀 𝒑𝒊 optimal inspection policy 

2 100 80 30 24 0.933 If 𝑃 > 0.933, a single inspection is optimal. 

3 100 80 30 24 0.702 If 0.933 > 𝑃 > 0.702, two inspections are optimal. 

4 100 80 30 24 0.500 If 0.702 > 𝑃 > 0.500, three inspections are optimal. 

5 100 80 30 24 0.350 If 0.500 > 𝑃 > 0.350, four inspections are optimal. 

6 100 80 30 24 0.228 If 0.350 > 𝑃 > 0.228, five inspections are optimal. 

7 100 80 30 24 - If 𝑃 < 0.228, six inspections are optimal. 

2 100 80 30 16 0.895 If 𝑃 > 0.895, a single inspection is optimal. 

3 100 80 30 16 0.607 If 0.895 > 𝑃 > 0.607, two inspections are optimal. 

4 100 80 30 16 0.363 If 0.607 > 𝑃 > 0.363, three inspections are optimal. 

5 100 80 30 16 - If 𝑃 < 0.363, four inspections are optimal. 

Observations: Increasing the expected arrival rate of 

defective items per inspection cycle (𝜆) also increases the 

threshold values for the probability of detection. This 

implies that a higher expected arrival rate of defects 

necessitates more frequent inspections to maintain the 

same level of quality assurance. This is logically sound, 

as a higher expected rate of defects requires more 

vigilance to prevent defective items from reaching the 

customer. 

The sensitivity analysis reveals the following key 

insights: 

 𝐶1: Higher penalty costs for undetected defects lead 

to more stringent inspection policies. 

 𝐶2: Lower costs for detected defects also result in 

more rigorous inspection policies. 

 𝐶: Lower inspection costs make more frequent 

inspections economically viable. 

 𝜆: Higher expected arrival rate of defective items 

per inspection cycle necessitates more frequent 

inspections. 

These results underscore the importance of 

considering all these factors when designing an optimal 

inspection policy. The model’s ability to adapt to changes 

in these parameters highlights its practical utility in real-

world scenarios. 

6. Conclusion 

This paper presents an optimal inspection plan aimed at 

determining the appropriate number of re-inspections 

based on the probability of detecting defective items. The 

optimization problem at hand seeks to minimize the total 

expected costs associated with both detected and 

undetected defective items, as well as inspection 

expenses. To illustrate the practical application of the 

proposed inspection plan, a numerical example is 

provided. Additionally, a sensitivity analysis is conducted 

to examine the influence of various process parameters on 

the optimal inspection policy. The findings reveal that the 

parameters 𝐶1, 𝐶2, 𝐶 and 𝜆 significantly impact the 

effectiveness of the optimal inspection strategy. 
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